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Abstract

In this paper, we introduce a new generalized function of Mittag-Leffler type. We investigate its basic
properties, including recurrence relations, differential formulas, integral representations, Euler transform,
Laplace transform, Mellin transform, Whittaker transform, and Mellin-Barnes integral representation.
We also express it in terms of Fox-Wright function and H-function. Furthermore, we establish fractional
integral and differential operators associated with this generalized Mittag-Lefller type function. Several
interesting special cases of our main results are derived.
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1 Introduction

The function E,(z) is named after the renowned Swedish mathematician Gésta Magnus Mittag-Leffler,
who defined it using a power series [9]

Ey(z) = Z F(#:l)’ a,z € C,R(a) > 0. (1.1)

n=0
First generalizion of the function F,(z) was introduced by Wiman [22]

n

, o,B,2€ C,R(a) > 0,R(B) > 0. (1.2)

> z
EerlD) = 2 Fan s 7y

Prabhakar [13] proposed a further generalization of the function F,(z) in the form

Fopl9) = 3 B s € CRla) > 0.(9) > 0.R() > 0, (1.3
n=0 :

where (), denotes the Pochhammer symbol defined in terms of the familiar Gamma function I' by (see, e.g.,

[19])

(V) = Fy+n)
7 n F("y)
Yy +1)..(y+n—1) (neN:={1,2,..}).

Moreover, the generalization of E] 4(z) was given by Salim [15], defined as follows:

(o]

7,0 _ ('Y)n n
Pl = 2 W+ iy "

n=0
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where a, 8,7,d € C; R(a) > 0, R(B) > 0, R(y) > 0, R(§) >0

Recently, several generalizations and extensions for Mittag-Leffler functions have been presented and
investigated by many authors (see, e.g., [1, 2, 3, 4, 5, 10, 11, 17]). Very recently, Pathan and Bin-Saad [12]
introduced a new Mittag-Leffler-type function of arbitrary order, which is a generalization of the Mittag-
Leffler function E, g(z). The arbitrary order Mittag-LefHer-type function is defined as
e Z'n,j+k‘

Ej«,"‘r

uﬁ(z) = ;m, (&N B,Z € (C, ER(CM) > 0,%(5) > 0,] > l,k > 0. (15)

In the present paper, we introduce and investigate a new generalization of arbitrary order Mittag-Leffler-
type function defined as

nj+k 1.6
E:w B+am+%»z ’ (1.6)
where a, 8,7,8 € C; R(a) > 0, R(B) >0, R(y) >0, R(§) >0and j > 1, k > 0.
Particular cases of E(Jy’%v 5(2)

(i) For v =1 and § = 1, equation (1.6) gives Mittag-LefHler function defined in (1.5)

. itk
E]«,k — E]’k
8,1 ZF (B+ a(nj+k)) ap(2)-

(ii) For j =1 and k = 0, equation (1.6) gives Mittag-Leffler function defined in (1.4)

EIO n:E"MS .
aﬁ-yd Z (5 ﬁ+an)z a,ﬁ(z)

(iii) For j =1,k =0 and § = 1, equation (1.6) gives Mittag-Leffler function defined in (1.3)

o

1,0 _ (7)71 n __ Y
Ea,ﬁ/y,l(z) - nz::o n! F(ﬁ T ocn)z - Ea,ﬁ(z)‘

(iv) For j =1,k =0,7=1 and § = 1, equation (1.6) gives Mittag-Leffler function defined in (1.2)
> 1

wp1(2) = Z mzn = Eqp(2).

n=|

(v) For j=1,k=0,y=1,6 =1 and 8 = 1, equation (1.6) gives Mittag-Leffler function defined in (1.1)

alll ZI‘an+ 2" = Eo(2).

The following well-known notations, formulas, and functions are required to prove our main results:
The Beta function is defined as [19]

1
m%m:/kwwy¢w*ﬁ,ww>umm>q (L.7)
0
or in terms of gamma function as

B(V,u):%, v, € C\Z;. (1.8)
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The Fox-Wright function is defined as [20]
- (di+D
Z —Jrn) , (1.9)
H I (ej + Ejn) n!
where d;, D, ej,Ej,z € C, R(d;) > 0,R(D;) > 0, ¢ = 1,...,p, R(e;) > O,RN(E;) > 0, j = 1,...,q and

I+% (Z?:l EJ’ - Zf:l Di> > 0.

The H-function is given as

(dl,Dl) (d D
W[ (e1, B), s (cq, By

un || (A1, 1), .., (Ap, ap) T(B;+Bs) [IL, T (1 — A — ais) s
Hp g { ‘ } 27”/ H z~%ds,

(317,81) (BQvﬁQ i=N+1 A +O£3)H]'Q:1\/1+1F(1_Bj_6js)
(1.10)

where M, N, P,Q are integers such that 0 < M < @, 0 < N < P, and the parameters A;, B; € C and
a;,B; € RT(i=1,..,p;j =1,...,q) with the contour L suitably chosen, and an empty product, if it occurs,
is taken to be unity. For more details about the H-function, one can refer to Kilbas and Saigo [6].

The generalized hypergeometric function is given as [14]

A1y ..y Qp .
qu[ 12| = pFy (a1, ap; b, .., by

bi, oo by =y st H ,) % (1.11)

n=0

where the infinite series converges for all z € C when p < gq.
The Euler (Beta) transform of the function f(z) is defined as [18]

B{f(=)iv.i} = / T = 2P f(2)dz, R > 0.R(n) > 0. (112)

The Laplace transform of the function f(z) is defined as [1§]

L{f(z);s} = ./090 e~ f(z)dz, R(s)>0. (1.13)

The Mellin transform of the function f(2) is given as [18]

M{fEs) = [ 276z = £1(5), R(s) >, (1.14)
0
and the inverse Mellin transform is defined as
£ = ML (002 = 5 [ 1) (115)

where L is a contour of integration that begins at —ico and ends at ico.
The Whittaker transform is defined as [21]

FrE+p+v)E—p+v)
rl—X+v) ’

/ u’reTEW,y , (u)du = (1.16)
0

where R(u £ v) > —1 and W), ,(u) is the Whittaker confluent hypergeometric function.

The fractional-order integration and differentiation are defined by the left-sided Riemann-Liouville frac-
tional integral operator I;/, and the right-sided Riemann-Liouville fractional integral operator I;_, and the
corresponding Riemann-Liouville fractional derivative operators DY, and Dy _, as [20]

v L II— v=1 v T >a
(120 @) = 77 [ @07 0t (R6) > 00> 0), (117)
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1 b
(Ib”ff) (z) = F—V)/ (t— .r)”’lf(t)dt, (R(v) >0,z <b), (1.18)
(DZJrf) (z) = (%) (I;’f:” ) (), (R(¥)>0,m=[Rr)]+1) (1.19)
and
d\" _
(Db”ff) (z)=(-1)™ (E) (Ig’i v ) (), R(v)>0,m=[Rv)]+1), (1.20)

where R(v) denotes the real part of the complex number v € C and [R(v)] represents the integral part of
R(v). Here, we recall the left and right-sided Riemann-Liouville fractional integrations of a power function
are defined in [7] by

(27 () = o P a1 (i) > 0,R(00) > 0), (1.21)

A+v)

_ F(l — V= )‘) Arv—1

(172 1) (z) = RISV , (0<Rw) <1-RW), (1.22)

respectively. The left and right-sided Riemann-Liouville fractional differentiations of a power function are
defined, respectively, by (see [7])

(Dy A1) (z) = %x**"*l, (R(v) > 0,R(N\) > 0) (1.23)

and

F(l +v— )‘) l,/\—u—l

INFEEDY) » (R(v) >0,R(N) < R(v) — [RV))- (1.24)

(DY) (2) =

2 Basic properties

Some basic properties of Mittag-Leffler-type function Efl% - 5(2) are presented in this section.

Theorem 2.1 If o, f8,7,0,z € C, R(a) > 0, R(B) >0, R(vy) >0, R(6) >0 and j > 1, k > 0, k even number,
then

7.k jk/2 1 ; jk/2
Ei,ﬂ,’y,é(_z) = (_1)kE%a,/ﬁ,'y,6(Z2) + (_1)J+kZJE%a,/ﬁ+aj,'y,5(Z2)’ (21)
Bl 5(2) + BV 5(=2) = 2By 5 () + (L (1) 2T ERY 5 s  5(22), (2.2)

in particular,

EYS(2) + EXS(=2)
6 a,B «,
Bjf(2%) = =i (2.3)

Proof. If we split the n-sum of (1.6) into odd and even indices, we get

gk —z) = - (/y)n (_Z)”j+k
E50s =) = 2 G (51 atnj 7B
I N ) P ) i S (M) (=)t
- Z GT G ra@ivh) "2 . TG+ o+ +8)

n=0
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TS N o) M Co e VSRS (1), (27
= ;(5)nf(5+2a(nj+k/2))+( 7T ;}(5)nr(ﬂ+aj+2a(nj+k/2))

ik/2 itk k)2
= (~DREPER () (CLPHRA B (),

which is the result (2.1).
Next, in (2.1), if we replace z by —z, we get

gk
By bs

Now, adding (2.4) to (2.1) results in

ik/2 i k)2
(2) = BN 52 + A ERE i 52 (2.4)

i,k j,k
Eiﬁmé(_z) + E(Jx,ﬂwﬁ(z)
j.k/2 j i d.k/2 j,k/2 i dsk/2
= (71)kEéa,§ﬁ,'y,§(zz) + (71)]+kZ]Eéa,§ﬁ+aj,'y,6(22) + E;a,g,'y,é(z2) + Z]E%a,g+aj,'y,5(z2)7

after a little simplification, we get the required desired result (2.2).
On substituting j = 1 and k& = 0 in (2.2), we obtain the desired result (2.3).

Theorem 2.2 If a, 3,7,0,z € C, R(a) >0, R(B) >0, R(y) >0, R(0) >0 and j > 1, k>0, m €N, then

d\™ . .
(&) [ mbsten] = 2 B st (25)

Proof. Using (1.6) and differentiating m times, we have

d m . oo (’y) wnj+k )
— p-1pik 9| = n a(nj+k)+A—m—1
(d2> [Z "‘*B’V"S(wz )] ZO (0)n T(B—m+alnj+k)) N

n=|

P— Zﬁ_nl_l ~ (/Y)'n wz 7Lj+k
= G T m e @

which leads to the required result (2.5).

Corollary 2.1 If we set j =1 and k = 0 in equation (2.5), we obtain the following known result, which is
due to Salim [15]:

d m
(E) [zﬁflEg;g(wza)} =P EYS | (wa®). (2.6)

Corollary 2.2 If we set v =1 and § = 1 in equation (2.5), we obtain the following known result, which is
due to Pathan and Bin-Saad [12]:

AN™ [ ot ik o s .
(E) [zﬁ 1Eé’}%(wz )} =2# 1Eé’27m(wz ). (2.7)

We further utilize (2.5) to derive a differentiation recursion related to fractional values of the parameter a.
Theorem 2.3 If o, 3,7,d,2 € C, R(a) > 0, R(B) >0, R(y) >0, R(6) >0 and j > 1, k >0, m,r € N,
r > m, then

; )m (B, (8] = i, 8y 4 ity B
— PR 5 (27 )] A (z77) + 2° E .
=.B,7,6 Tjﬁx"/y‘s m .
(& ’ =0T (8- B - k)

(2.8)

Proof. Taking the left-hand side of (2.8),

() bt
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_ ( d )’” Z L2 (nj+k)+B—1

n=o ( (ﬁ + 2 (n] + k))

- Wir (6)n T (6 + (ﬂji:u +k— m’)) s
i St
e

After simplification, we get the desired result:

d m m m _ " (W)n 27%
(5) (7 B s 7)) = 2P B () 4 2P Y m

Corollary 2.3 If we set j =1 and k =0 in equation (2.8), we obtain the following new result:
Dp

(%)m [zﬂ-1E¥fﬂ(ﬁ)] = PEL(27) + 2P 1;()71)”7;1% (2.9)

Corollary 2.4 If we set r =1 in equation (2.8), we obtain the following new result:

d )m P . n 5 Z/ifm+%k71
— EJ s(z9)| =2 E]m sET) A (2.10)
<dz S Sl o Or (5—m+ k)
J
Further, if ¥ = 1 and ¢ = 1, equation (2.10) coincides with the result in [12].
Theorem 2.4 If R(a) >0, R(B) >0, R(y) >0, R(J) >0 and j > 1, k> 1, then
k b aj
gik _ z Bl ak—1 7,6 t—a j
EavﬁfY,ﬁ(z) - (b _ a)ﬂ+ak:71 F(ak) /a (t (L) (b t) Ea] 8 ((b — a) ZJ) dt. (211)

b 1 k=1 g t—a\"

—/b(tf )1 12 (t_a)a"jdt
Ja ¢ [J’+cm]) b—a

n()

© nj G .
_ Z (6)n(’1—‘7)(7b61an]) (b— a)—(xn]/ (t _ a)ﬁ+anj—1 (b _ t)(yk'—l dt

= Z m (b— a)ﬁmkﬂ BB+ anj, ak)

o0

(’Y)TL Zn]'
= (B4 alnj+k))

= (b—a)? 1T (ak)
< (8)n T (
=z (b—a) (R ELY, 5 (2)




The Mittag-Leffler—type function of arbitrary order and its properties 393

Next, we begin by recalling that the Gaussian hypergeometric function is defined as follows:

n 2"
oF (a,b;¢; 2) Z g (2] < 1). (2.12)

Theorem 2.5 If R(a) >0, R(B) >0, R(y) >0, R(J) >0 and j > 1, k>0, then

Ei"yk 27rz/ t (5+ak)2F1 (’y, 1;4; >dt (2.13)

where H denotes the Hankel contour encircling the negative real axis and circulation in the positive direction.
Proof. Applying definition (2.12), we obtain

o] nj
el t~Brak), p (%1,6 )dt M/ et ¢ (Bradtak) gy
/H . Z (6)n H

n=0

Using Hankel’s representation of the reciprocal Gamma function (see, [21])

1 1 [,
—_— = — t~*dt.
T(z) 2nmi /Hc

Therefore, the integral will become,

J
/ et ¢ (Btek) (7,1;5; Z ) d
H [

271
T(B+a(nj+k))

ﬂ
Il
[
—
S
—~|=
|3
)
S|

= 27 (’Y)n nj
=21 G TGt )

3 Representation of E]’ﬂw( z) in terms of other functions

In this section, we express E(]Iﬁ,,y 5(2) in terms of the Fox-Wright function, Mellin-Barnes integral and
H-function. ' ‘
The generalized Mittag-Leffler function of arbitrary order Eé% - 5(2) can be written as

Z"J

g,k _ .- ('Y)n nj+k _ z F 'y—i—n F(l-‘,—n)
Fasorsl?) = - Zr 6+

= (Ol (B + a(nj + k) n)I'(B+a(nj+k) n

s . gk
Utilizing equation (1.9), £

g HTO S ThEnT+n) ()
Bapas(?) = T (v) ,;Fw—&-n)lﬂ(ﬁ—i-ak—i-anj) n!

_ATE) [ (7,1), (1,1)
T(y) 272 [ (6,1),(8 +ak,aj)

Now, to express E] "5 .5(2) in terms of the H-function, we begin by representing Ei’ '5.-.5(2) as a Mellin-
Barnes integral, as stated in the following theorem.

5(2) can be expressed using the Fox-Wright function as follows:

Z]} ) (3.1)

Theorem 3.1 For any z € C with |arg(z)| < m, the function Eé%wé(z) can be expressed using the following
Mellin-Barnes integral:

gk B 2FT(6) T(s)I'(1—s)T'(y— ) Liy=5ds
R ( )_QW F('\/)/F((S*S)F(6+O¢k*aj8)( )" ds,

where the contour of integration L joins —ico to +ioco, and splitting all the poles at s = —n, (n=10,1,2,...)
to the left and the poles at s=n+1 and at s=~v+n, (n=0,1,2,...) to the right.

(3.2)
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Proof. By evaluating the integral on the right-hand side of (3.2), as the sum of residues at the poles s = —n,
(n € Ny), we obtain
1 L(s)I(1 = s)I(y — s)
2mi J;, T(8 — s)T'(B + ak — ajs)

& [LIENO -9 =)
*Ejﬁairw TG+ ak —ajs). )}

PO - MG -8
5339{8*’ TG — T8 + ak —ajs) )}

(—29)"%ds

— L(y+n)(—2/)" . o
= 2 T+ ok gy A [+ DT~ s)]

n=0
S

_ L(y+n)(=2/)" - [m(s+n)
N Z  T'(6 +n)I'(8 + ak + ajn) Mim, { sinms }

0 T(y4n)(—1)n(—20)"
:Zrm+x><>

(6 +n)I(B + ak + ajn)
2TRT(y) & (Mn itk
= TT®) 2 BTG et TR
2 T (v)

(07 1)7 (1 -7 1) . (33)

J.k _
Egpe2) = (0,1), (1 — 8,1), (1 — B — ak, aj)

a,B,7,6

4 Integral transforms

In this section, we establish certain useful integral transforms like Euler transform, Laplace transform,
Mellin transform, Whittaker transform.

Theorem 4.1 (Euler transform): If R(a) > 0, R(B) > 0, R(y) > 0, R(6) > 0, R(v) > 0, R(u) > 0,
R(o)>0and j > 1, k>0, then
1
/ -t 1E5x’/3m (x27)dz
0

229 . { (1,1), (v, 1), (v + ok, 0})
Ty ° 0| (6.1).(8+ak,aj), (v +p+ ok aj)

xj} . (4.1)

1 o'n' k
_ V*l M 1 )]+
= [ =a 23 5+amw+mﬂ

After interchanging the integration and summation orders of the equation above, we get

1
/0 P () 1Efllziws( 2%)dz
n gnitk

Z 5+a(nj+k

n:0

1
)) / Svtonjtok—1 (1 _ Z)u—l dz
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S (Do LT (v + ok +onj)
= (0)a T (B+a(nj+k) T (v+p+ok+onj) ’

n=0

Simplification yields the desired result

1 -
/0 P () o Efx’%,y’& (x27)dz
— ‘Tkr (/‘L)F(é) . (1’1)7(771)7(V+0—k'a0-j) .CCj
Ty 7% @D (B+akaj), (v +p+ok,of) ||
If j =1 and k = 0, equation (4.1) coincides with the result in [15].
Theorem 4.2 (Laplace transform): If R(a) > 0, R(B) > 0, R(y) > 0, N() > 0, R(o) > 0, R(p) > 0,
R(s) >0 and j > 1, k>0, then

¥ et gk () g = S L (O) o [ (L), (1,1), (p+ ok, o) | (2
/0 1, BV s (x27)dz = qulg { (5.1). (8 + ak, aj) ‘ (s_"> } (4.2)

Proof. From definition (1.6), we have

oo o nj+k o)
/ prlefszE]',k (IZU) dz = Z (’Y)TL x"t / Zp+o'nj+akflefszdz‘
0 @80 (6)n T'(B+a(nj+k)) Jo

n=0

Now, using equation (1.13), we get

[e o)
p—1_—sz i,k o
/0 e R s (v27) dx

s WHRAT (5 + ) i T(y+n)T(p+ok+onj)s omignd
N T () v L'+ n)T (B + ak+ anj)

s WHRGAT (5 + ) i T(1+n)T(y+n)T (p+ ok +onj)s=oam
N T (y) n! T (6 +n)T (B + ak+ anj)

considering (1.9), we obtain (4.2).

)
n=0

Corollary 4.1 Substituting v = =1 in (4.2), we find
p—1_—sz j,k o _ T (171)7(p+0-k70-]) i J
/0 ST B (@) dz = et { G raray | ()] (43)
If 5 =1 and k = 0, equation (4.2) coincides with the result in [15].

Theorem 4.3 (Mellin transform): If R(a) > 0, R(B) > 0, R(y) >0, N() >0, RN(s) >0 and j > 1, k>0,
then

LTI = sy — )
(V)T — s)T'(B + ok — ajs)

Mo R B 5 ((wn)t) 58] =

Proof. Based on Theorem 3.1, we have

W, (4.4)

e (i) = C#2IT0) [ T -G-8
Edpas (( ) ) T 27mi T(y) /L T —s)I(B+ ak — ajs)( )7
_ 9 TO) [ e
=~ Gt [ s (4.5)
where
PR (O V(B VG N

T(6 — s)I'(B + ak — ajs)

Now, making use of the formulas in (1.14), 1.15) and (4.5) directly leads to (4.4).
If j =1 and k = 0, equation (4.4) coincides with the result in [15].
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Theorem 4.4 (Whittaker transform): If ®(«) > 0, R(B) > 0, R(y) > 0, R(0) > 0, N(o) > 0, N(v) > 0 and
j>1,k>0, then

o0
/ u”*le*%t“WA,#(tu)E(J;"kﬂ‘mé (wu®) du
) :

_ Wt HePT (9) (LD, (1. 1), (5 + ptv+0k,0)), (5 — p+v+ok,aj) (g)j (4.6)
T (v) 473 (0,1), (6+aka]) (I—=X+v+ok,oyj) to/) |° '

Proof. Letting tu = r, we obtain

1 [ /r\v=1 _. ik ANAYH

z/o (5) e WanE s («(5) ) @

_ kt (atok) w\ " /OC vtonj+ok—1 7¥W J(r)dr

=w Z »B+a(7lj+k))( ) | r e 2 Wy u(r)dr

B wkt*(twﬂk)[‘(é) i F('y+n)F(§ +u+1/+ak+anj)I‘(% —u+1/+crk+anj) wi\"

N T (v) = Fl+n)T(B+ak+ani)T (1 —A+v+ok+onj) toi

_ whtmletaRp(5) i T+ (y+n)T (3 +p+v+ok+onj)T (3 —p+v+ok+onj)

N L (y) s TO+n)T(B+ak+anj)T(1—A+v+ok+onj)

o8

n!

from (1.9), we get the assertion (4.6).
Corollary 4.2 Substituting j =1 and k =0 in (4.6), we find

/ u’ ! t“W)\ u(tu)E g(wu”)du

0

t="T (0) (1,1),(v, 1), (3 +p+rv,0), (3 —pu+vo) | w
_ N 3 ) s (g 3 AN ) hadl 4.
TE) ! 3{ (5,1, (8,0), (1 - A+ 3,0) v 7

5 Fractional calculus operators

In this section, we derive some interesting formulas of Efl]z, - 5(2) associated with the operators of
Riemann- Liouville fractional integral and derivative.

Theorem 5.1 Let v,a,3,7,0,w € C with R(v) > 0, R(a) > 0, R(B) >0, R(y) >0, R() >0 and j > 1,
k>0, x>a. Let I}/, be the left-sided operator of Riemann-Liouville fractional integral. Then

(e [ =P B2 st = a))]) @) = (@ =) B, s (e —a)). (5.1)
Proof. By using definitions (1.6) and (1.17) and applying the following result:

(Iau+ [(t — a)ﬁfl]) (:C) = %(I _ a)ﬁﬂ/fl’

we arrive at (5.1).

Theorem 5.2 Let v,a, 3,7,5,w € C with R(v) > 0, R(a) > 0, R(B) > 0, R(y) > 0, R(6) >0 and j > 1,
k> 0. Let I¥ be the right-sided operator of Riemann-Liouville fractional integral. Then

(1" [t v- BEg;ﬂw(wfa)D(L) =2 Bk we?). (5.2)
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Proof. Applying definitions (1.6) and (1.18) and using the following result:

L) s

vyi—v—p T
() @) = r+v) 7
we get (5.2).

Theorem 5.3 Let v,a, 3,7,6,w € C with R(v) > 0, R(a) > 0, R(B) > 0, R(y) >0, R(G) >0 and j > 1,
k>0, x> a. Let Dy, be the left-sided operator of Riemann-Liouville fractional derivative. Then

(Dey 6= B s @it = a))]) (@) = (@ = )T ER L, s (w(@ = a)). (5.3)
Proof. We have
(pee [t -0 B2 (it - @) ) @)

v (1) w"I* _ )itk -1
- < o n=0 (6)nr (ﬂ + Oé(’n] + k)) (t ) ( )
= 3 (7)" Wt v _\Bta(nj+k)-1 X
T; ), F(ﬂ+a(nj+k)) <Da+ [it=e) )@
.T _ a 5 v—1 Z Witk (x - a)a(nj+k)
n= O *7/+Oé(’n]+k))
Ifaﬁvloo Vn w e — )Tk
Z —1/+a(n]+k))[ ( )l
= (@—a)"""" 1E;% M( wiz —a)”).

This completes the proof of the Theorem 5.3.

Theorem 5.4 Let v, o, 3,7,0,w € C with R(v) > 0, R(a) > 0, R(y) >0, R(6) > 0, R(B) > [R(v)] + 1 and
j>1,k>0. Let D be the right-sided operator of Riemann-Liouville fractional derivative. Then
vo|pr— k —a — k .
(D [t ﬂEZtB’yé(Wt )]) (’13) ﬁE(JxB V'y&( ) (54)
Proof. We have
vo|pr— k —a
(D [t ﬁE‘iﬁ«,o (wt )]) (z)
nj+k

_ v - v—B—a(nj+k) T
- <DZ Rt L >( )

n:O

_ - (’Y)nwnJJrk v v—PB—a(nj
=Y TGy (BT @

— B - (,Y) wnItk —a(nj+k)
- 2(5)nr(ﬂ—u+a(nj+k))

_ .CE_B S (V)fn wr— nj+k
=7 ST G v tamiri) © )
= :EiﬁE(]lﬂﬁ v,7,0 (wxia) .

This completes the proof of the Theorem 5.4.
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